We consider finite deformations and bending of an elastic plate moving across a given domain. Velocities of the plate are kinematically prescribed at two parallel lines, which bound the region in the direction of motion. Inhomogeneity of the velocity profile at the exit from the domain results in planar deformations and out-of-plane buckling of the plate. The presented quasistatic analysis features a novel kinematic description, in which the coordinate in the direction of motion is a Eulerian one, while the displacements in transverse and the out-of-plane directions are modeled in a Lagrangian framework. The material volume is traveling across a finite element mesh, which is aligned to the boundaries of the domain. A concise mathematical formulation results in a robust numerical scheme without the need to solve the advection (transport) equation at each time step. The model is validated against solutions of a benchmark problem with a conventional Lagrangian finite element scheme. The approach is further demonstrated by modeling the time evolution of deformation of a moving plate.
Introduction
A vast body of literature is devoted to modeling dynamics and deformations of axially moving strings, beams or plates, see a review paper by Chen [2] . The material particles are continuously entering and leaving the considered region, which makes the analysis with the conventional Lagrangian (material) description difficult and inefficient. Eulerian description helps restricting the attention to the domain of interest and provides a possibility to apply the boundary conditions at spatially fixed points. Transforming the equations of motion of the structure to the spatial frame is particularly challenging in a geometrically nonlinear setting, especially when the gross axial motion is not prescribed in advance, but rather needs to be determined as a part of the solution, see Humer and Irschik [3] , Eliseev and Vetyukov [4] , Pechstein and Gerstmayr [5] for one-dimensional structures such as beams and strings. Care needs to be taken when the equations for an open system are derived directly "from scratch" using variational principles, see Irschik and Holl [6] .
Previous attempts to obtain a model for an axially moving deformable plate [7, 8] did not account for particular kinematic conditions at the boundaries of the domain in the form of time and space variations of the prescribed velocity profiles. These effects are particularly relevant in applications of hot rolling, strip coiling or belt drive simulations. In this paper we present a novel mathematical description for finite deformations of a thin plate, which is moving between two parallel lines, see Fig. 1 . This gross axial motion takes place in the direction of the x-axis (called in the following axial direction) from left to right. Velocities of the plate at the entry to the domain x = 0 and at the exit from it x = L are kinematically prescribed and equal respectively v entry and v exit . In a transient process, a non-constant profile of the velocity v exit (y) results in the deformation of the plate in its plane x y and subsequent buckling in the out-of-plane direction of the z-axis. This kind of undesired behavior may happen during the metal rolling process, paper production, etc., which makes the respective methods of analysis practically relevant.
The proposed Eulerian-Lagrangian formulation is motivated by computational difficulties that are inherent in conventional finite element modeling of the deformation of the plate. As a Lagrangian finite element mesh propagates across the domain in the course of a simulation, kinematic boundary conditions need to be imposed at the interior of the finite elements. This typical "variational crime" leads to numerically induced oscillatory behavior of the stressed state of the plate, and this would not allow for accurate presentation of its bending, which is tightly coupled with the in-plane stresses. While extended finite element formulations [9] or a mortar approach [10] could theoretically be applied to solving the issue, an elegant and efficient alternative is to preserve the finite element mesh from moving in the axial direction. This guarantees that the boundaries of the active domain, at which the displacements need to be prescribed for each time step, remain aligned with the boundaries of the finite element mesh.
The newly proposed idea of transformation of the nonlinear equations of the plate theory to another set of coordinates resembles the known Arbitrary Lagrangian-Eulerian (ALE) formulation, which often finds use for simulations of the process of material production and forming [11] [12] [13] . Considering x as an Eulerian coordinate and using a material description for the transverse and out-of-plane displacements, we achieve a clear and robust numerical scheme. The mathematical transformations become particularly simple with the use of the direct tensor calculus. At each time step, the mechanical equilibrium is sought directly in the mixed description. We thus avoid the need of separating the time step into a Lagrangian phase, followed by the mesh update and remapping of the nodal entities onto the new mesh using the model of advection, which is intrinsic to ALE. To the best knowledge of the authors, this is a first open literature presentation of a fully nonlinear plate model at non-material description.
The Kirchhoff-Love geometrically nonlinear theory of unshearable plates was put into the basis of the presented analysis and simulations, see [14] [15] [16] [17] . This classical model shall be accurate enough for the considered thin structures, and the applied finite element scheme [18] benefits from the absence of shear locking. Nevertheless, the transformation of the theory to a mixed Eulerian-Lagrangian set of coordinates shall be equally feasible for a shear deformable Reissner-Mindlin type model with independent translations and rotations of particles [19] .
At present, we restrict the consideration to the constant profile of the velocity of material production v entry and aim at modeling the evolution of finite deformations of an elastic plate under quasistatic assumptions. Further extensions of the approach are discussed in the concluding remarks below.
Kinematic description
Consider a plate as a two-dimensional material surface axially moving across a domain, bounded by two lines, see Fig. 2 . Rolling of a sheet of metal, paper production or motion of a conveyor belt are typical examples of such a structure. At each time instant, the plate is clamped at the lines of contact: there are no out-of-plane displacements in the direction of the z axis at x = 0 and x = L nor does the plate rotate about these lines. The material is produced in a fixed segment −w/2 ≤ y ≤ w/2 at x = 0, such that the plate is here centered For the sake of mathematical description, we introduce an infinitely long reference configuration, see Fig. 3 . Particles of the plate are identified by their material coordinatesx andẙ, i.e., by the reference position vector
with i, j , and k being the unit base vectors of the global Cartesian frame. In the actual state, we consider just the particles, which are currently residing in the domain 0 ≤ x ≤ L. In the reference configuration these particles form a planar manifold, which will be called active material volume in the following (depicted gray in Fig. 3 ), and which is thus a pre-image of the actual state. Between the time instants t and t + dt, a material layer of the length v entry dt enters the domain from the left. As v entry = const, it means that the left boundary of the active material volume (which is a pre-image of the line x = 0, −w/2 ≤ y ≤ w/2 in the actual configuration) is moving across the stress free reference configuration to the left with the velocity v entry , the mathematical form of this statement being (41). The Lagrangian description, at which the actual configuration is defined by a mapping fromr to the actual place of a particle
remains efficient as long as the active material volume is known (and suitable for being discretized in numerical simulations). This is not the case for the problem at hand, and it is efficient to decompose the mapping into two steps by introducing an additional spatially fixed intermediate configuration. This rectangular domain with the position vectorr
differs from the reference state by the axial displacement u x only:
At the same time, just the transverse displacement u y and the out-of-plane displacement u z differ the actual configuration from the intermediate one:
Now, asx
the left and the right boundaries of the intermediate configuration (3) map onto the lines of contact of the plate x = 0 and x = L. We thus introduce the mapping from the active material volume in the reference configuration to the actual state implicitly in the form r =r(r), r = r(r),
which guarantees the conformity of the domains.
Deformation and strain energy
Treating displacements
as primary variables, we seek them as functions of the place in the intermediate configuration:
The quasistatic simulations below are based on the principle of stationarity of the total strain energy of the active volume of the plate at each time instance. For a classical (unshearable) Kirchhoff plate model, the energy depends on the two Green-Lagrange-type strain measures, which are referred to the change of the in-plane metric of the plate and to its curvature [14, 15] . It appears to be convenient to employ the modern formulation of the theory [16, 17, 20] with the symmetric strain tensors
The first strain measure E describes the membrane (in-plane) deformation of the plate, while the second one K is responsible for its bending. The gradient of deformation is the transposed gradient of the position vector of the actual state with respect to the reference one:
The in-plane identity tensor is
and the second metric tensor of the actual configuration
is the negative gradient of the unit normal vector n to the actual surface of the plate [14, 21] . We recall the relation between the differential operators of the reference and of the actual states,
and rewrite the second equality in (10):
Now, the displacement (9) is a field over the intermediate configuration, which does not allow us to directly compute the strain tensors using (10) . We aim at transforming the above kinematic relations from the material description featuring derivatives with respect to the coordinates in the reference state to the differential operator of the intermediate configuration∇
For a two-stage mapping from the reference configuration to the actual one, the total deformation gradient is a product
which is mathematically equivalent to the chain rule of differentiation of a function of multiple arguments. We introduce the gradient of deformation from the reference configuration to the intermediate onẽ
Indeed, using a relation between the differential operators analogous to (14) and recalling (4), we write
The inverse of an in-plane tensor in (18) is again an in-plane one, and the total deformation gradient F can now be computed for any field of displacements (9), known in the intermediate configuration (3) . While this is sufficient for the membrane strains E in (10), further mathematics is needed to compute the tensor of bending strains K. Using the first relation in (19), we rewrite (15) as
in which a symmetric tensorK
is introduced. The vector of unit normal is easy to compute with the known relation r(r) = r(x i +ỹ j ). Considering a surface, parametrized by coordinates x andỹ, we write n = ∂x r × ∂ỹ r |∂x r × ∂ỹ r| .
From (5) we see that n at a given point of the intermediate configuration does not depend on the field u x (r). Now we apply∇ to both sides of the identitỹ
and arrive at an alternative form of (21), which makes the symmetry ofK better visible:
The above general nonlinear kinematic relations may be simplified when particular deformations or coupling terms are negligible. Thus, in a geometrically linear model just small deformations are assumed to be superposed upon a regular axial motion of the plate, and linearizing we arrive at the conventional strains of the classical plate theory:
In a linear theory, one does not need to differentiate between ∇ and∇, and conventional finite element models of a plate may be applied. However, in this linear formulation, the in-plane stresses are decoupled from the bending of the plate, which makes it inapplicable for studying buckling behavior.
Returning to the fully nonlinear model, we write the strain energy of a plate per unit area of its reference configuration as a quadratic form of the strains [17] :
Thus, we assume that the local strains remain small, which does not exclude large overall deformations of a thin structure. For a homogeneous isotropic plate with the thickness h, Young's modulus E, and Poisson's ratio ν, the stiffness coefficients are
Now, we need to integrate the strain energy over the intermediate configuration.
The change of variables is to be accounted for,
with
see (18) . Finally, the total strain energy of the active material volume reads
In the absence of external loading, U Σ will be at minimum in a state of stable static equilibrium provided that the set of material particles is fixed. Although we are dealing with an open system, and particles are continuously entering and leaving the active material volume, this condition is fulfilled at each time step of a quasistatic simulation owing to the kinematic nature of the boundary conditions at both ends of the domain, see the discussion in Sect. 6 below.
Finite element scheme
In a numerical scheme, we need to compute the total strain energy U Σ and its derivatives for a given approximation of displacements u(r). We have applied a four-node C 1 -continuous finite element approximation, which is based on the idea of a Bogner-Fox-Schmit rectangle with bi-cubic shape functions, see [18, 20] . A regular mesh was introduced in the intermediate configuration with n x × n y elements in the axial direction and in the transverse one, respectively. With twelve degrees of freedom at each node (vector of displacement, its two derivatives with respect to the local coordinates on the element, and one mixed second-order derivative), we guarantee the continuity of both u and n across the boundaries of the element. Now, the first strain measure E is continuous, and the second one K may undergo discontinuities of the first kind, which is sufficient for the regularity of the integral (30).
At each time instant, we fix the values of displacements at the boundaries x = 0 and x = L according to (45). Along with the condition of clamping n = k, this results in kinematic constraints for some of the degrees of freedom. Seeking for a stable equilibrium, we minimize U Σ with respect to the remaining degrees of freedom of the model e with the help of a quasi-Newton scheme, which requires computing derivatives of the kind
A Gaussian integration rule with 3 × 3 points per element is used, and at each integration point we compute
The difficulty lies at evaluating the derivatives of the strain measures with respect to e. Writing Fig. 4 Undeformed geometry of a trapezoidal plate and its supercritical configuration after the inclined edge is kinematically rotated we see that either the first or the second term remain in the last expression depending on the kind of the degree of freedom at hand. Indeed,
which vanishes if e is a degree of freedom of axial motion. Considering now the second term in (32), we write
Again, either the first or the second term needs to be treated depending on the kind of e. Although programming the computation according to (32)-(35) is feasible, it would be a challenging task to obtain the second-order derivatives in an algorithmic manner. In the present study, we used a system of computer algebra Wolfram Mathematica 1 and first computed the first-and the second-order derivatives of the strain measures with respect to the local geometric characteristics ∂x u, ∂ỹ u, ∂ 
The resulting expressions were exported as automatically generated C# code into the in-house finite element simulation software. Now, the derivatives of (36) with respect to the nodal degrees of freedom are just the shape functions of a finite element, and the element's stiffness matrix and force vector are easily computed using the chain rule.
Benchmark problem
The kinematic formulation and the resulting finite element scheme were validated on a simple benchmark problem. Consider a plate of a trapezoidal shape. The width of the plate is w, while the other two edges have lengths L and L + u x0 as in Fig. 4 . The right (inclined) edge is clamped and kinematically rotated such that it becomes parallel to the left one, which is also clamped. Depending on the magnitude of u x0 , the resulting deformation of the plate in its own plane may become unstable and lead to the out-of-plane buckling as depicted in the figure by the surface with the grid lines on it.
As the deformed configuration is bounded between two parallel lines, the problem is perfectly suitable for the mixed Eulerian-Lagrangian description. At the same time, a solution with the conventional Lagrangian finite elements with the same approximation [18] is readily available, which allows comparing the solutions and thus testing the new numerical scheme.
Using SI system of units here and in the following, we summarize the parameters of the considered model:
Seeking for a static equilibrium, we considered an intermediate configuration 0 ≤ x ≤ L, −w/2 ≤ỹ ≤ w/2 and prescribed u x and u y at the edge x = L such that its pre-image in the reference stater would correspond to the given undeformed geometry and the length of the rotated edge is preserved. The out-of-plane buckling was promoted by imposing a small gravity force in the first iteration of the quasi-Newton minimization scheme, which was then released for the rest of iterations. In accordance with (5), the transverse grid lines of the finite element mesh, shown in the deformed state in Fig. 4 remain parallel to the y-axis. The surface of the plate in the supercritical state after buckling may be better observed from an isometric viewpoint as shown in Fig. 5 . We studied the mesh convergence and compared the solutions with the proposed mixed Eulerian-Lagrangian description and with the conventional Lagrangian finite elements by finding the maximal and the minimal values of the displacement u z , which are observed at the edgesỹ = ±w/2 of the plate. The results of the comparison, which are summarized in Table 1 , clearly demonstrate that both formulations converge to the same solution.
Time stepping and boundary conditions
Time rates of mechanical entities need to be considered in a quasistatic simulation. We need to differentiate between the velocity of a particleu with the material time derivative
and the time rate ∂ t u with the local derivative at a given point in the intermediate configuration defined as
The general relation between the material and the local time derivatives with the known convective term readṡ
Observing the time evolution of nodal variables, we need to deal with the local time derivatives as the nodes of the finite element mesh are fixed in the intermediate configuration. As discussed after (1), the left boundary of the active material volume moves across the reference state with a known velocity, which means that the local time rate of u is known at the left edge:
On the opposite, at the right boundary, we know the actual velocities of the particles, with which they move across the line of contact:
This explains the fact that the right line of contact will move in the transverse direction as long as ∂x u has a non-zero component in the direction of the y-axis (the z component is always zero owing to the condition of clamping). Indeed, in Fig. 1 , the plate is slightly inclined immediately before x = L and it is easy to imagine that in the next time instant a new cross-section of the plate with larger values of y will arrive at the line of contact. Stationary motion of the plate with
is possible only when the static deformation u s fulfills
These boundary conditions allow seeking the stationary solution by solving just a single static problem.
We turn back to the problem of evolution of the deformation of the plate in time. The strategy of computing the solution u (k+1) in the end of a time step t (k+1) = (k + 1)τ for a known state of the plate u (k) in the beginning of the time step t (k) = kτ comprises the following two stages.
(i) First we compute new displacements at the left and right boundaries of the domain,
in which the local time derivatives are determined by (41) and (42). This sort of explicit time integration requires a moderately small time step size and has a clear advantage: with known displacements u x at x = 0, L we have a fixed material volume for the end of the time step, which allows finding the equilibrium by seeking arg min U Σ . In practice, updating the nodal variables according to the incremental boundary conditions (45) requires a derivative of the velocity profile v exit (y) as the nodal unknowns comprise not only displacements, but also their derivatives in the transverse direction. (ii) As soon as the kinematic constraints are applied for some of the degrees of freedom of the nodes at the left and right boundaries of the domain, we proceed to the quasi-Newton iterative scheme and seek the values of the rest of degrees of freedom in the model by minimizing the total strain energy (30). At each iteration, we compute the force vector of derivatives ∂U Σ /∂e, and the stiffness matrix is evaluated only when the rate of convergence at the previous iteration was unsatisfactory. Converged iterations provide us with the new equilibrium state u (k+1) .
Simulation of a moving plate
We considered a plate with the width w, length L, and material properties as in the benchmark test (37). As the behavior of the system depends strongly on the ratio between the membrane and the bending stiffness of the plate, we considered two values of its thickness and started with a moderately thick plate with h = 0.02 (which is yet small enough compared to the dimensions w and L for the employed classical theory). The velocities at the boundaries were chosen as follows:
Note that the mean value of the exit velocity varies when the line of contact is moving in the transverse direction. Thus, the linear component in v exit rotates the cross-section of the plate at x = L clockwise, which "pushes" the line of contact in the positive direction of the y-axis: its mean transverse displacement
u y x=L dỹ (47) grows in time. The mean value of v exit increases as well, and a tension force appears in the plate. However, the part of the plate nearỹ = −w/2 is compressed in the axial direction, which (along with the shear deformation owing to the motion of the line of contact) may result in the instability of the plane configuration. We integrated over the time span 0 ≤ t ≤ 1.25 with the step size τ = 0.00125, which allowed avoiding instability in the explicit time integration of the boundary conditions for finer meshes. Experiments showed that further reduction of the time step size results in nearly identical solutions. Varying the number of finite elements in the transverse direction n y , we kept the length to width aspect ratio of the elements (L/n x )/(w/n y ) ≈ 1.2.
The computed configuration of the plate at t = 0.4 with n y = 18 is shown in Fig. 6 . As discussed after (46), the linear component in v exit leads to a growing in-plane deformation, which soon initiates the out-of-plane buckling of the plate. The computed time histories of the maximal and the minimal (negative) displacements u z as well as of the mean transverse displacement of the line of contact u * y are shown in Fig. 7 for three levels of mesh refinement. Besides rapid mesh convergence and transition to a stationary regime, we clearly observe the time instant of buckling of the plate, at which in-plane equilibria with u z = 0 become unstable and non-zero values of u min z , u max z are produced in the simulation. A thin plate with h = 0.01 has significantly lower bending stiffness in comparison to the membrane one, which makes the simulation more challenging from the numerical point of view. The deformed surface, presented in Fig. 8 , is less smooth than the previous one in Fig. 6 . Lines with high curvature ("folds") may now be observed, which require dense finite element meshes to be accurately resolved. In particular, the boundary layer near x = L tends to demonstrate a complicated deformation pattern. The effect is getting more pronounced for yet thinner plates (as the one considered in the benchmark test in Sect. 5). Nevertheless, the solution with n y = 27 finite elements in the transverse direction is quite accurate, as it may be concluded from the time histories, shown in Fig. 9 . Earlier buckling of the thin plate may also be observed.
Conclusions and outlook
Consistent modeling of nonlinear deformations of axially moving plates is a challenging task, which requires both theoretical analysis as well as appropriate numerical schemes. The idea of the presented approach lies in a kinematic description, which is particularly suitable for the considered kind of problems. Although similar methods have been previously proposed for 2D, 3D and rod structures, no examples of mixed EulerianLagrangian description in the nonlinear mechanics of plates could be found in the open literature. In this first presentation of the approach, we consider purely elastic material law and restrict the analysis to the case of constant velocity v entry , with which the plate is entering the domain. The most simple implementation of the approach features explicit time integration of the kinematic boundary conditions, which is accomplished by minimizing the total strain energy of the plate at each time step of the quasistatic simulation. Currently, an extension of the method toward non-homogeneous velocity profiles v entry is on the way. The idea lies in the use of intrinsic strains, which are imposed in the reference configuration such that it is getting pre-stressed. Consistency of the nonlinear model is achieved by the use of multiplicative decomposition of the total tensor of deformation gradient from the incompatible undeformed configuration to the actual one via the reference and intermediate states. This and further extensions of the method will be presented in subsequent publications.
